Introduction
M. Flato, M. Gerstenhaber and A.A.Voronov developed a cohomology theory and a formal deformation theory for Poisson algebras [3] . They showed that this cohomology controls those formal deformations such that the associative multiplication and the Lie bracket are simultaneously deformed. We call this cohomology FGVPoisson cohomology, or simply Poisson cohomology. Note that when restricted to commutative Poisson algebras, the FGV-Poisson cohomology is different from the usual Lichnerowicz-Poisson cohomology, see Section 5 for an explanation.
We would like to mention that Kontsevich's deformation quantization can be understood as a special case of formal deformations of Poisson algebras, see Section 4 below for more detail. Moreover, a necessary condition for the existence of deformation quantization is given there by using the Poisson chohomolgy groups.
Since the concept of a module of a Poisson algebra is meaningful, it was also supposed by Flato-Gerstenhaber-Voronov to use Yoneda-extensions or derived functors to define certain cohomology theory for Poisson algebras. An immediate question is whether it is the same as the FGV-Poisson cohomology, or in other words, whether the FGV-Poisson cohomology is exactly given by usual Yoneda-extensions or derived functors. In this note, we will give an affirmative answer to this question, and provide a way to compute the FGV-Poisson cohomology via Hochschild cohomology and Chevalley-Eilenberg cohomology.
Throughout K will be a field of characteristic 0, and all unadorned Hom and ⊗ will be Hom K and ⊗ K respectively. Let A be a Poisson algebra over K. Following [10] , one can define its Poisson enveloping algebra P in a natural way. By definition P is an associative algebra such that the category of left P-modules is isomorphic to the category of Poisson A-modules. We need also the concept of quasi-Poisson modules as introduced in the same work [10] . It was shown there the category of quasi-Poisson A-modules is isomorphic to the module category of an associative algebra Q, which is called the quasi-Poisson enveloping algebra of A.
In our previous work [1] , we have introduced a bicomplex of free quasi-Poisson Amodules, whose total complex gives a free resolution of A as a quasi-Poisson module and hence calculates the quasi-Poisson cohomology. Inspired by this construction, we obtain a bicomplex C •,• of free Poisson A-modules from the foregoing one by applying the functor P ⊗ Q −, and by erasing one row of the bicomplex. Recall that P is a quotient algebra of Q and can be viewed as a Q-module. The reason of the elision of one row is that concerning the deformation theory, the Lie bracket and the Lie module structure of A on itself can not be deformed independently. We mention that the characteristic complex is not quasi-isomorphic to a Poisson module in general. However, there is a long exact sequence of abelian groups with terms involving homology groups of the characteristic complex and certain torsion groups in the category of quasi-Poisson modules.
A key observation is that FGV-Poisson cohomology can be calculated via quasiPoisson cohomologies, although it is defined only with coefficients in Poisson modules. In fact, we have a long exact sequence connecting the Poisson cohomology groups and the extension groups of certain quasi-Poisson modules. This could be very useful, the reason is that a Poisson enveloping algebra is much more difficult to handle, we even do not have a nice basis for it in general.
The quasi-Poisson case is easier. Recall that A e is a U(A)-module algebra, and by construction Q = A e #U(A) is the smash product algebra. Recall that in [1] , we have obtained a Grothendieck spectral sequence, calculating Ext * Q (−, −) via Ext * A e (−, −) and the Lie algebra cohomology Ext * U (A) (K, −). In summary, we may reduce the calculation of FGV-Poisson cohomology to the cohomology of the quasi-Poisson enveloping algebra Q, and hence to the Hochschild cohomology of A and the Chevalley-Eilenberg cohomology of the Lie algebra A, on which we have better knowledge. The paper is organized as follows. In section 2, we recall some basic definitions of Poisson algebras, Poisson modules and Poisson enveloping algebras. Section 3 deals with the construction of a bicomplex of free Poisson modules for a Poisson algebra A, whose total complex computes the FGV-Poisson cohomologies.
In section 4, we will briefly recall the definition of formal deformation of Poisson algebras, and show how to understand Kontsevich's deformation quantization as a special case of formal deformation of Poisson algebras in our sense. Moreover, we will explain in more detail how the FGV-Poisson cohomology groups control the formal deformations of Poisson algebras. We also compare the FGV-Poisson cohomology groups with the Lichnerowicz-Poisson cohomology groups for commutative Poisson algebras in Section 5.
In Section 6 we show a long exact sequence related to homology groups of the characteristic complex. We also obtain a long exact sequence with terms involving the FGV-Poisson cohomology groups and Yoneda-extension groups of certain quasi-Poisson modules, and apply it to calculate the Poisson cohomology groups. Examples are also provided there.
In the last section, we study the the standard Poisson algebra of the matrix algebra M 2 (K). We calculate its Poisson cohomology groups of lower degrees. Moreover, we show that in this special case, any Poisson 2-cocyle lifts to a formal deformation.
Preliminaries
In this paper, we assume that all associative algebras have a multiplicative identity element.
A triple (A, ·, {−, −}) is called a Poisson algebra over K, if (A, ·) is an associative K-algebra (not necessarily commutative), (A, {−, −}) is a Lie algebra over K, and the Leibniz rule {ab, c} = a{b, c} + {a, c}b holds for all a, b, c ∈ A. A quasi-Poisson A-module M is both an A-A-bimodule and a Lie module over (A, {−, −}) with the action given by {−, −} * : A × M → M , which satisfies {a, bm} * = {a, b}m + b{a, m} * , {a, mb} * = m{a, b} + {a, m} * b for all a, b ∈ A and m ∈ M . If moreover, {ab, m} * = a{b, m} * + {a, m} * b holds for all a, b ∈ A and m ∈ M , then M is called a Poisson A-module. Let M, N be (quasi-)Poisson modules. A homomorphism of (quasi-)Poisson A-modules is a K-linear function f : M → N which is a homomorphism of both A-A-bimodules and Lie modules.
The following convention is handy in calculation, and we refer to [10] for more details.
Denote by A op the opposite algebra of the associative algebra A. To avoid confusion, we usually use a to denote an element in A and a ′ its counterpart in A op . The algebra A e = A ⊗ A op is called the enveloping algebra of the associative algebra A. Denote by U(A) the universal enveloping algebra of the Lie algebra (A, {−, −}). It is well-known that the category of Lie modules over A is isomorphic to the category of left U(A)-modules.
Let {v i | i ∈ S} be a K-basis of A indexed by an ordered set S with a total ordering ≤. For any r-tuple α = (i(1), · · · , i(r)) ∈ S r , the corresponding element
is denoted by − → α , and r is called the degree of α. The empty sequence is denoted by ∅ and we write 1 = 1
U(A) is known to be a cocommutative Hopf algebra. The comultiplication is given by ∆(
where the sum is taken over all possible ordered bipartition. The Lie bracket makes A a Lie module over A, or equivalently, a U(A)-module. Hence the usual tensor product makes A e a Lie module. Moreover, the cocommutativity of U(A) makes A e a U(A)-module algebra. For a definition of ordered partition, we refer to [10] . e #U(A) is called the quasi-Poisson enveloping algebra of A and denoted by Q. The Poisson enveloping algebra of A, denoted by P, is defined to be the quotient algebra Q/J, where J is the ideal of Q generated by Given a quasi-Poisson A-module M , one defines a Q-module M by setting
for all m ∈ M, a ∈ A to obtain a quasi-Poisson module over A. The correspondence of Poisson modules and P-modules is given similarly. For simplicity, we write
The following bicomplex is given by taking tensor of the bar resolution of the A e -module A and the Koszul resolution of the U(A)-module K, where we write
Its total complex gives a free resolution of A as a Q-module. For any quasiPoisson module M , after applying the functor Hom Q (−, M ) to the total complex, we obtain the quasi-Poisson complex with coefficients in M , whose cohomology group is isomorphic the extension group Ext 
Consider the following diagram
for i ≥ 2 and j ≥ 0,
for i = 0, j ≥ 1 and ω j ∈ ∧ j , and
for any i ≥ 0, j ≥ 1 and
is a bicomplex of free Pmodules. Its total complex is called the characteristic complex of the Poisson algebra A and denoted by χ • (A).
Proof. Notice that P is a quotient algebra of Q and hence is viewed as a Q-module. By applying the functor P⊗ Q − the bicomplex (2.1) and the natural isomorphism of left P-modules P⊗ Q Q⊗(A i ⊗∧ j ) ∼ = P ⊗A i ⊗∧ j , we obtain the following bicomplex of Poisson modules
respectively. Erasing all of dashed arrows, we obtain the diagram C •,• , and δ
, where
It is easily seen that δ
for all j ≥ 1. We only show j = 1 case, and the proof for general cases is exactly the same and left to the readers. By definition we have
which completes the proof.
3.2. The Poisson cohomology. Let M be a Possion module over A. Applying the functor Hom P (−, M ) to the bicomplex C •,• we obtain a bicomplex of K-vector spaces, which is called the Poisson bicomplex for A with coefficients in M and denoted by P C •,• (A; M ). Clearly, the total complex Tot(
Following [3] , we have a bicomplex C
•,• (A; M ) which is of the form
, where δ h is the Chevalley-Eilenberg coboundary, δ V is the Hochschild coboundary, δ v is the composition of the natural homomorphism Hom(∧ j , M ) ֒→ Hom(A ⊗ ∧ j−1 , M ) and the Hochschild coboundary Hom(
Remark 3.2. Note that the coboundary δ H is essentially the Chevalley-Eilenberg coboundary. In fact, Hom(
Lie module over A with the action given by
Moreover, by identifying Hom
, we easily deduce the following result.
The total complex Hom P (χ • (A), M ) thus has the form 
We have the following standard result, compare also with the deformation theory.
Formal deformations of Poisson algebras
In [3, Section 6], a deformation theory for Leibniz pairs was introduced. As a special case of Leibniz pairs, formal deformations for a Poisson algebra were also mentioned there with less detail. We mention that for a Poisson algebra, the deformations as a Poisson algebra are different from the ones as a Leibniz pair.
On the other hand, even for commutative Poisson algebras, the noncommutative version of deformation theory could be quite useful. For instance, Kontsevich's deformation quantization is explained as a special case of formal deformations in the noncommutative sense, and by using Poisson cohomology group we can give some necessary condition for the existence of deformation quantizations. In these reasons, we would give more details on Poisson algebra deformations here. By definition, m t and l t induce formal deformations of A as an associative algebra and as a Lie algebra respectively. Clearly l t is skew-symmetric, which is equivalent to all l i 's are skew symmetric. Furthermore, the associativity, the Leibniz rule and the Jacobi identity read as
for all a, b, c ∈ A, which is rewritten as We assume that
Similar to the associative algebra case, deformations of Poisson algebras will meet some obstructions in Poisson cohomology, which are all deducible from the deformation equations. In summary, we have the following result which essentially goes to Flato, Gerstenhaber and Voronov, although it was not written down explicitly. 
which say that (m 1 , l 1 ) is a 2-cocycle in Poisson complex of A.
(ii) The deformation equations can be rewritten in the form
We only prove the case of n = 2 and the general cases can be similarly shown. In this case, c, a) , b).
, it follows from some routine calculation that (F 1 , F 2 , F 3 ) is a 3-cocycle since (m 1 , l 1 ) is a 2-cocycle.
, the cohomology class of this element is the "obstruction" to the existence of (m 2 , l 2 ). In particular, if HP 3 (A) = 0, then the obstruction vanishes. 
Deformation quantization.
In this part, we will show that Kontsevich's deformation quantization on Poisson manifolds can be understood as a special case of formal deformation of Poisson algebras in our sense. We refer to [2, 6, 9] for more details about deformation quantization theory. We emphasize that in geometric situation, say if A is the algebra C ∞ (M ) of smooth functions over some Poisson manifold M , then to define a quantization deformation, each m i : A × A → A in the expression
is required to be a polydifferential operator, i.e., a derivator in each argument.
Since (A, ·) is a commutative associative algebra, we may consider the standard Poisson structure (but with a scalar) on (A [[t] ], m t ). In fact, we may define a bracket 
Proof. Assume that (A[[t]], m t ) is a deformation quantization of P . Then (A[[t]]
, m t , l t ) is a formal deformation of (A, ·, {−, −}), where
for all a, b ∈ A. Since HP 2 (A) = 0, the formal deformation (A[[t]], m t , l t ) is equivalent to the trivial one, that is, there exists an isomorphism
which leads to a contradiction.
Remark 4.6. Naively, by modifying the scalar in the definition, say replacing 1 t with 1 t n (or some other f (t) ∈ K((t)) in general), it is easy to define certain deformation quantization theory of higher orders, although the significance of this notion is not known to us at moment.
4.3.
More types of Formal deformations. So far, we have discussed the deformations in which the associative multiplication and the Lie bracket are deformed simultaneously. There are some other choices, say one can also fix one structure map and deform the another one. We would say some words on this direction. We mention that similar work for commutative Poisson algebras can be found in [4, 8, 9] .
A formal deformation (A[[t]]
, m t , l t ) of a Poisson algebra A is said to be of type I (resp. of type II ), if m i = 0 (resp. l i = 0) for all i ≥ 1.
Let (A[[t] ], m t , l t ) be a formal deformation of type I. For any n ≥ 1, the deformation equation (D n -1) holds automatically, and (D n -2) just says that l n : A × A → A is a biderivation of A.
We simply denote the Poisson bicomplex P C
•,• (A; A) by P C •,• . Considering the spectral sequence induced by the first filtration of this bicomplex, we obtain a complex
is the space of all skew-symmetric n-fold derivations of A. Clearly, the above complex is a noncommutative version of the Lichnerowicz-Poisson complex, and its cohomology groups, i.e. E 0,q
in the first spectral sequence induced by P C
•,• , control the deformations of type I.
Similarly, the second filtration of P C •,• gives a complex
where
and its cohomology groups, i.e. E p,1
in the second spectral sequence, control the formal deformation of type II.
Comparison with Lichnerowicz-Poisson Cohomology
In this section, we assume that A is a commutative Poisson algebra. Recall the definition of Lichnerowicz-Poisson cohomology for a commutative Poisson algebra, see [4, 5, 7, 8, 9] for detail. We set χ i (A) = 0 for any i < 0, χ 0 (A) = A and
be the subset consisting of all skew-symmetric multiderivations of A. We may form a complex (χ • (A), δ LP ), where δ LP is given by
This complex is called the Lichnerowicz-Poisson complex of A, or simply LPcomplex, and its n-th cohomology group, denoted by H n LP (A), is called the n-th Lichnerowicz-Poisson cohomology group of A, see [8] .
Proposition 5.1. Let A be a commutative Poisson algebra. Then the family of K-linear functions {σ n , n ∈ N},
is a chain map from the Lichnerowicz-Poisson complex to the Poisson complex.
Proof. Clearly,
where δ CE is the Chevalley-Eilenberg coboundary. Therefore, {σ n , n ∈ N} is a chain map from LP-complex to Poisson complex. 
A characterization of Poisson cohomology groups
In section 3, we have introduced the characteristic complex χ • (A) of the Poisson algebra A and used it study the Poisson cohomology. However, whether χ • (A) is quasi-isomorphic to a Poisson module, is not known to us yet. We will make some discussion on this question.
Let Q be the quasi-Poisson enveloping algebra of (A, ·, {−, −}) and Ω 2 (A) be the second syzygy of A as an A e -module. More precisely, Ω 2 (A) is the quotient module of A e -module A 4 modulo the submodule generated by {a
is also a quotient module of A 4 as a Q-module. Similar to the construction of the free Q-resolution of A [1], we consider the standard resolution
of Ω 2 (A), and the Koszul resolution of K as a U(A)-module
Denote by S • and K • the corresponding deleted resolutions.
By taking the total complex of the tensor product of S • and K • , we obtain a free Q-resolution of Ω 2 (A)
On the other hand, we may apply the functor A 2 ⊗ − to the deleted resolution K • , and obtain a free resolution of Q-module
By definition of C •,• , we have a short exact sequence of complexes
thus we have the following long exact sequence, relating the homologies of the characteristic complex with some torsion groups of quasi-Poisson modules.
Proposition 6.1. Keep the above notations. Then there is a long exact sequence
Now we move to the calculation of Poisson cohomology groups. Firstly, we deduce from the free Q-resolutions T 
Proof. Here we use the fact that A 2 is a free A e -module. In fact, applying the iso-
and the conclusion follows.
Denote P C • (A, M ) be the Poisson complex of A with coefficients in M . Clearly we have a short exact sequence of complexes
and combined with Lemma 6.2 and Lemma 6.3, we obtain the following long exact sequence.
Theorem 6.4. Let A be a Poisson algebra and M a Poisson module over A. Then we have a long exact sequence
We recall a useful spectral sequence introduced in our previous work [1] .
Proposition 6.5 ([1], Section 5). Let M, N be modules over Q. Then we have a spectral sequence
In conclusion, the above results provide us a way to read the information of Poisson cohomology from the Lie algebra cohomology and the Hochschild cohomology. Example 6.6. Let A be the K-algebra of upper triangular 2 × 2 matrices. This algebra is known to be the path algebra of the quiver of A 2 type.
Consider the standard Poisson algebra. Clearly, A is a hereditary algebra as an associative algebra and hence HH n (A) = 0 for all n ≥ 1. By direct computation, we have HL 0 (A) = K, HL 1 (A) = K 2 , HL 2 (A) = K, and HL n (A) = 0 for all n ≥ 3, where HL i (A) = Ext i U (A) (K, A) for each i. Applying the above spectral sequence and by some direct calculations, we know that
, A) = 0 for all n ≥ 3. Now it follows from Theorem 6.4 that
and HP n (A) = 0 for all n ≥ 5.
Let A = M 2 (K) be the standard Poisson algebra, where M 2 (K) is the algebra of 2 × 2 matrices with entries in K. Clearly, as a Lie algebra, A = K · 1 A ⊕ sl 2 (K), where K · 1 A is an abelian Lie algebra of dimension 1 and sl 2 (K) is the special linear Lie algebra with the standard basis
Consider the module sl 2 (K) ⊗ sl 2 (K) over the Lie algebra sl 2 (K). It is easy to show the following decomposition as Lie modules:
where V 5 , V 3 and are simple modules of dimensional 5, 3 and 1 respectively. More precisely, V 5 has a K-basis
and V 1 has a K-basis {2e ⊗ f + h ⊗ h + 2f ⊗ e}, where all basis elements are given by weight vectors.
By some direct computation, we have the following well-known fact which will be useful in our later calculation. Lemma 7.1. Hom U (sl2(K)) (sl 2 (K) ⊗ sl 2 (K), A) ∼ = K 2 . More precisely, for any ϕ ∈ Hom U (sl2(K)) (sl 2 (K) ⊗ sl 2 (K), A), there exist unique λ, µ ∈ K, such that ϕ| V5 = 0, ϕ(h ⊗ e − e ⊗ h) = λe, ϕ(e ⊗ f − f ⊗ e) = λ 2 h, ϕ(f ⊗ h − h ⊗ f ) = λf, and ϕ(2e ⊗ f + h ⊗ h + 2f ⊗ e) = µ1 A .
In fact, the image of ϕ on the basis of sl 2 (K) ⊗ sl 2 (K) is shown in the following table. As a vector space, M 2 (K) is of 4 dimension, and hence there are many choices of associative multiplication on it, among which are two extreme cases. One is given by the matrix product, and the other one is the trivial one given by setting e 2 = f 2 = h 2 = ef = f e = eh = he = f h = hf = 0.
An interesting observation is that these two are essentially the only cases to make the general linear Lie algebra M 2 (K) a Poisson algebra. is the general linear Lie algebra. Then as an associative algebra, (M 2 (K), •) is either isomorphic to the total matrix algebra, or to the trivial one.
Proof. For simplicity, we set P = M 2 (K) and m(a, b) = a • b for a, b ∈ P . The Leibniz rule implies that m is a homomorphism of Lie modules from P 2 to P . From the proof of (4) in Lemma 7.2 and Table 1 , we know 4µ = 3λ
2 since m(a, m(b, c)) = m(m(a, b), c). When λ = 0, the associative algebra (M 2 (K), •) is the trivial associative algebra, and when λ = 0, it is isomorphic to the total matrix algebra.
By applying the long exact sequence in Theorem 6.4 and Lemma 7.2, the Poisson cohomology groups of A of lower degrees is calculated as follows. More precisely, (Φ 0,2 , 0) gives a basis of HP 2 (A). In fact, by construction as in Table 2 , Φ 0,2 is a Lie module homomorphism and satisfies the condition ( * ), which implies that (Φ 0,2 , 0) ∈ Hom(A 2 ⊕ ∧ 2 , A) is a Poisson 2-cocycle of A, and its corresponding cohomology class (Φ 0,2 , 0) gives an element in HP 2 (A).
For given s ∈ K, we may define a K[[t]]-Poisson algebra structure on A[[t]] by setting l i = 0 for all i ≥ 0, and m t to be given as in the following table. Remark 7.5. It is worth mentioning that for the given Poisson 2-cocyle (Φ 0,2s , 0), we only give one formal deformation. It is not known yet whether all formal deformations lifting it are equivalent.
By the long exact sequence (6.1) in Theorem 6.4 and some direct calculations, we obtain that HP 3 (A) = 0. Therefore, the above example also tells that it is still possible to have formal deformations even though "obstructions" exist.
